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ABSTRACT
To gain high power in a desirable higher frequency, combining a number of identical elements have been a good practical
solution. In recent years significant effort has been carried out to combine independent oscillators coupled together.
When these oscillators are coupled together the complexity of the whole system increases due to the fact that interaction
between the elements occur in several ways with exchange of power, frequency, phase, amplitude or other. This paper
presents the necessary conditions to be met while coupling group of independent oscillators together. A number of
identical oscillators will be designed and implemented to couple them in variety of ways. The experimentally observed
relationships will be compared with the existing theoretical results to advance the understanding of this important issue.
Keywords— Coupled Oscillator, Locked Frequency, Phase tuning, Normal Mode

1. INTRODUCTION
The increasing need of high power systems at microwave
and millimetre frequencies for the communication market
motivated the research in the fields of power combining
techniques for the last two decades. The rapid expansion of
communication technology such as radar to transportation,
industrial and scientific application, it has become more
and more important to achieve high power in high
frequency region. In accordance with a long-term trend
towards system operating at higher and higher frequencies,
however the power combining has not been very well
developed at the present time. In recent years, to gain high
power in a desirable higher frequency, combining a
number of identical elements have been a good practical
solution and several interesting properties of power
combiners have been found, such as phase noise reduction,
graceful degradation, and overall cost reduction by the
possible use of smaller devices with better power added
efficiency [1].
Moreover, in the development of terahertz source, it
becomes an important issue to develop techniques that
enable a large number of oscillators to operate in phase.
Part of this scenario is oscillator arrays, where injection
locking and/or phased-locked loop techniques are used to
achieve synchronous operation. But the behaviour of
significant number of independent oscillators that are
coupled to each other is a more challenging problem in
both theory and practice.
We have presented some important behaviours of the
coupled oscillator system in the work. We have built eight

independent oscillators coupled together in variety of ways
up to six stages and investigated the amplitude, frequency
and phase relationship. Some analysis and characteristics
of the implemented oscillator will be discussed prior to the
synchronization of the oscillators. The experimentally
observed relationships have been compared with the
theoretical results and good qualitative agreements
between theory and experiment is observed. The work
establishes a better understanding toward Coupled
Oscillator system and experimental measurement on them.

2. RELATED WORK
As observed in nature, the dynamic behaviours of real
signal sources can be affected by nearby sources close
enough to interact [2]. The partial transfer of the signal
between sources – determines how much the mode of
operation is influenced. In this process a very strong
interaction may lead the signals to lock together into a
common state, while a very weak interaction may leave the
sources in free-running condition. In between these two
limits several other behaviours may occur based the system
dynamics and characteristics. When the characteristic of
the uncoupled source is nonlinear, the dynamics governing
the overall system is very complex and explains that
coupled nonlinear systems have so many different
behaviours.
The search for nonlinearities of high frequency oscillators
started in the early twentieth century. Van der Pol [3] was
first to accurately model the oscillation phenomena using a
second order nonlinear differential equation, referred as the
VDP equation by mathematicians and engineers. He
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analysed both the free running and the injection locked
cases .The VDP model describes some of the important
features of real oscillating systems, such as the amplitude
dependent negative resistance. Adler [4] carried on the
Van der Pol investigation and derived a differential
equation that relates the oscillator phase to the injection
signal parameters.
Mackey [5] included the effect of phase modulation in
Adler’s analysis to and also showed that the injection
locked oscillator had some significant advantage. The
work of Van der Pol was then applied and refined by
Kurokawa [6],[7] to the injection of microwave oscillators,
which present a more complicated negative resistance that
was pictured in VDP and Adler’s equations.
Till then a lot of coupling schemes had been proposed in
the microwave engineering community but none of them
combined reliability and simplicity. The important work of
York and others [8] [9] extended Kurokawa’s analysis to
coupled oscillators systems deriving a set of coupled
nonlinear differential equations for phase and amplitude
dynamics.

3. DESIGN AND CHARACTERISTICS

we are going to put the one end of the coupling capacitors
to couple similar oscillator unit.

3.2 Output Waveform
For this work we have built eight single oscillator unit and
each unit is numbered as 1, 2, 3…8. From here to the end
we will use the same notation i.e. Osc1, Osc2 etc to
explain and compare different oscillator unit.
In this section we will analyse some important
characteristics of the single oscillator unit (Osc1) which
are relevant for these experiments and then move on to the
comparison of different oscillator unit in the foregoing
sections.
The oscillator unit that corresponds to number 1 has an
output frequency of nearly 10.9 MHz. As we are using
tuned circuit the capacitance effect has a large impact on
the output frequency. But when constructing circuit we
were very careful to minimize the wiring capacitance
effect by connecting components very close to each other
and we have used a very strong common ground plane for
all the oscillators.

As it is known the number of oscillator circuit that are used
in practice is overwhelming, and the main consideration to
design oscillators suitable for this work was to choose,
simple circuitry that are easy to fabricate and possible to
make identical element with very small difference in
output characteristics such as frequency, amplitude etc.

3.1 Practical Oscillator Circuit
As we are going to couple several similar oscillators
together, the single oscillator unit leads the implementation
of other units (with similar characteristics) as all the
experiments of this work depend on the properties of the
single element. After careful investigation of the entire
oscillator it has been found that the pierce type LC
oscillator meets our design objective. So we have chosen
Pierce type oscillator as the basic circuit for our
experiment. The practical oscillator circuit looks like:

Figure 2: Output waveform at node A (Oscillator1)

Figure 2 shows the output at node A for Osc1, which is
taken from the oscilloscope trace. The output shows a pure
sine wave with no distortion and output voltage of 410mv
at 3.5V supply voltage.

3.3 Output Amplitude
The output amplitude at node A in Figure 1 for all the
oscillators with different supply voltage without tuning
capacitor is given in table 1.

Figure 1: Practical oscillator circuit

In figure 1 the option for tuning capacitor Ct, parallel to Ca
gives the necessary tuning and the marked node A, where

We should note that, the output voltage is proportional to
the value of the capacitance at the output terminal. It is
seen that, for supply voltage of 2.50 volts the output
amplitude is 138(pk-pk) mV if there is no tuning capacitor
and 164(pk-pk) mV for tuning capacitor 6.8pF. It is also
found that at 5.50volts supply the output amplitude is
nearly equal for all the value of tuning capacitor. With
higher supply voltages the transistor gain limits the output
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voltage and nearly equal for all the values of tuning
capacitance.

Table 1: Supply voltage Vs Output amplitude (all oscillators)
Output Amplitude(pk-pk) mV

Supply
Voltage(V)

Osc1

3.00

291

250

160

140

110

238

272

344

3.50

410

372

338

340

300

356

397

431

4.00

472

453

444

450

420

444

485

491

4.60

538

535

538

545

510

522

563

563

5.00

585

590

588

595

600

560

610

610

5.50

641

650

632

660

640

619

663

663

Osc2

Osc3

3.4 Frequency Tuning
For synchronization of oscillators it is very important to
know the tuning properties of all the oscillators. We
measure all the frequencies for different values of Ct for all
the oscillators. By using the figure 1 the output frequency
of the Pierce Oscillator is written as,

1
2π

f =

1
LC (C a + Ct )

So, if we change the value of the tuning capacitor Ct the
output frequency will be changed as well. The relationship
is inversely proportional i.e. if the capacitance is increased
the frequency will be decreased.
All the efforts had been done to make the different
oscillator units same in characteristics. But in practice it is
not the case. It is important to note that, we intentionally
made two oscillators which are in large extent different
from the other oscillators. We numbered these two
oscillators as Osc4 and Osc5. A graph showing the tuning
behaviour is given on figure 3.
OSC1
OSC4
OSC7

11.00

OSC2
OSC5
OSC8

OSC3
OSC6

10.95
10.90
10.85
10.80

Osc4

Osc5

Osc6

Osc7

Osc8

For convenience, we make a note of frequency of all the
Oscillators without the tuning capacitance as this data will
be necessary at the later stages.

Table 2: Oscillator Frequencies (without Tuning
Capacitor)
Oscillator No

Frequency(MHz)

Osc1

10.85

Osc2

10.88

Osc3

10.51

Osc4

10.93

Osc5

10.50

Osc6

10.80

Osc7

10.87

Osc8

10.91

4. SYNCHRONIZATION OF OSCILLATORS
The concept of synchronization is extremely important in
nature. This synchronization effect has a long history
dating back to observations of synchronized mechanical
pendulums by Huygens who was the first to describe it
mathematically .The theory of synchronization of electrical
oscillators has been pioneered by Van der Pol [3] in the
early twentieth century followed by Krylov and
Bogoliubov [10], Huntoon and Weiss [11]. Kholchlov [12]
has also given some explanation over the mutual
synchronization of oscillators.

Frequency(MHz)
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0
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20
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Value of Tuning Capacitor(pF)

Figure 3: Frequency tuning Behaviour (All Oscillators)

As deeply explored by Van der Pol the dynamics of
nonlinear oscillating electrical circuits is affected by the
injection of an external signal. Several behavioural
changes have being observed, but the case of most interest
occurs when the period of the oscillations becomes the
same of the external source and thus the oscillator’s
frequency is locked to the injection signal. Adler [4] was
one of the first to study the locking phenomena. He
developed an expression for the frequency range over
which an oscillator will be locked to an external
signal .When the injection is mutual, then the sources
influence each other and synchronization occurs when they
reach a common frequency.
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4.1 Two Oscillator Case
In our experiments we coupled Osc1 and Osc2 by the
following figure 4. It is seen that the coupling capacitor CC
is connected between node A1 of Osc1 and node A2 of
Osc2.

180◌ْ the amplitudes are nearly same for the two oscillation
which shows that they are strongly coupled at this stage.
The phase is ranged between -180˚<Φ<90˚ for stable mode
of operation. The output waveforms for the two oscillators
are given in the following figure 5 (data used, CC =22pf)

Figure 5: Output waveform for synchronized Oscillators
Figure 4: Mutual synchronization of Osc1 and Osc2

To make the two oscillators oscillating nearly in the same
frequency we use figure 3, which shows with tuning
capacitor 3.3pF at Osc2 terminal does the job. The supply
voltage was kept to 2.60 volts and we note that the
amplitude A1 equals to 178mV and the amplitude A2
equals to 168mv with the capacitor 3.3pf. So we can say
that oscillator1 and oscillator2 has nearly the same power
and by the theory explained by Kholchlov [12] the
amplitude, phase and frequency will be change (compared
to free funning condition) after they come to
synchronization.

For the two oscillators we discussed here, we make use of
the fact that two oscillators are nearly in the same
frequency. We now want to see what happens if the two
oscillators are not in nearly in the same frequency. To find
out what happens we kept varying the tuning capacitor Ct
for one oscillator to make large difference between
frequencies keeping the frequency of other oscillator same.
The behaviour will then be observed by varying the
coupling capacitor. The use of Figure 3 will be useful in
this case.
To explain these behaviours we will simplify the figure 4
and change it as follows

Table 3: Synchronization behaviour for two
oscillators
CC
(pF)

A1 (mV)

A2 (mV)

Phase,
Φ12

Frequency
(MHz)

3.3

153

172

-160˚

10.71

4.7

183

184

-170˚

10.64

6.8

195

192

-175˚

10.61

10

206

210

-180˚

10.52

12

213

213

-180˚

10.45

15

222

222

-180˚

10.39

18

231

228

-180˚

10.31

Figure 6: Simplified diagram of Figure 3

22

238

231

-180˚

10.20

From figure 6 we can easily see that capacitor CC is the
coupling capacitor which is connected between node A1
and node A2. Ct1 and Ct2 represent tuning capacitor for
Osc1 and Osci2 respectively. The whole oscillator circuit
is represented by the square block Osc1 and Osc2.

From table 3
capacitor the
changes from
characteristics

we see that, if we change the coupling
synchronization amplitudes A1 and A2
the free running state. But the important
we should note that, when the phase is -
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nearly 200 KHz and it falls outside the synchronizing band
and they are not locked. So to synchronize oscillators
together it is important that the frequency separation
should be in the synchronizing band.

Table 4a: Locking state for Osc1

Ct1(pF)

Ct2=0 pF, Frequency of Osc2= 10.88 MHz
Frequency
Locked
Osc1
Frequency
( MHz)
Locked?
(MHz)

Phase

0

10.85

Yes

10.68

162ْ

2.2

10.81

Yes

10.68

148ْ

3.3

10.79

Yes

10.68

147ْ

4.7

10.75

No

-

-

6.8

10.72

No

-

-

10

10.68

No

-

-

4.2 Three Oscillator Case
To better understanding of the mutual synchronization we
are now going to consider three oscillators, Osc1, Osc2
and Osc3. For the three oscillator system we are going to
precede same as the two oscillator system. We kept the
frequency of three oscillators same by providing the
necessary tuning.

Table 4b: Locking state for Osc2

Ct2(pF)

Ct1=0 pF, Frequency of Osc1= 10.85 MHz
Frequency
Locked
Osc2
Frequency
( MHz)
Locked?
(MHz)

Phase

2.2

10.88

Yes

10.68

176ْ

3.3

10.86

Yes

10.68

168ْ

4.7

10.82

Yes

10.68

157ْ

6.8

10.79

Yes

10.48

145ْ

10

10.75

No

-

-

12

10.72

No

-

-

From the table it is seen that, if the frequency separation
between the two oscillators is large, then they can’t be
locked together. For example, at Ct1=10 pF the frequency
of oscillator1 is 10.68 MHz and at Ct2=0 pF the frequency
of oscillator2 is 10.88 MHz. The frequency separation is

Figure 7: Mutual synchronization of three oscillators

To make all the frequency same for the three oscillator the
value of the tuning capacitor can be found as Ct1=0,
Ct2=3.3pF and Ct3=6.8 pf. This make all the frequency
nearly 10.85 MHz. (The capacitance formed by different
measurement probe has been taken into account).
As the frequencies of all the oscillators are nearly same the
oscillators should be locked. They are locked in practice
and at some higher supply voltage i.e. 5.50 volts. (We will
explain the cause when we discuss modes of oscillation).
Table 5 gives the results for different values of coupling
capacitance between 1, 2 and 2, 3.

Table 5: Synchronizing behaviour for three oscillators

Cc12
(pF)

Cc13
(pF)

Amp1
(mV)

Amp2
(mV)

Amp3
(mV)

Phase,
Φ12

Phase,
Φ13

Locked
Frequency
(MHz)

2.2

2.2

619

650

632

-27˚

-10˚

10.81

3.3

3.3

619

650

632

-25˚

-8˚

10.81

4.7

4.7

619

650

632

-14˚

-4˚

10.75

6.8

6.8

619

650

632

-6˚

0˚

10.75

10

10

619

650

632

-2˚

0˚

10.68

12

12

619

650

632

0˚

0˚

10.68

15

15

625

644

632

0˚

2˚

10.68

18

18

625

644

632

0˚

4˚

10.64
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Comparing table 1 and table 5 we see that the
synchronizing amplitude reduces for Osc1 and Osc2
compared to the free running amplitude. But the
amplitudes of all the oscillators remain nearly constant
with the change of coupling capacitance. The phase
behaviour is similar to two oscillator case. Again as we
have seen that the frequency of oscillation should be same
for all the oscillators after synchronization and after
synchronization all the oscillators operate in a single
frequency.
We note that, the behaviour of Osc4 is different from other
oscillators. In our experiment we replace Osc3with Osc4 in
figure 7 and the similar experiments was done. But it was
seen that the oscillators never locked.

In our experiment we found that the amplitude and
frequency tuning behaviour are same for the above
configuration. The supply voltage is 5.50 volts and no
tuning capacitor was used.
The phase tuning behaviour for four oscillators can be
easily described with figure 10. Oscillator1’s phase taken
as the reference and different colour of arrow indicates the
phases of other oscillators with respect to the phase of
Osc1. The curved arrow indicates the increment of coupled
capacitor .We note the figure is not drawn to scale and it
indicates that, with the increment of coupled capacitor all
the oscillators are tend to move towards 0◌ْ and oscillate in
same phase of Osc1.

4.3 Four Oscillator Case
To study the behaviour for four oscillators’ case, we used
Osc1, Osc2, Osc7 and Osc8 as we remember from Section
3.4 that Osc4 and Osc5 has frequency lower than other six
oscillators. The circuit configuration is as following figure
8:

Figure 8: Capacitive coupling of four oscillators

Using figure 3 we found that, there require no tuning
capacitor to make all the oscillator oscillate nearly in the
same frequency. For this experiment the supply voltage
was 5.50 volts .Again it is found that over the tuning rage
the oscillators operates nearly in same phase and amplitude
and frequency varies in a relatively insensitive way.
We found that the all the oscillators operate in the nearly in
the same phase for the configuration of figure 8. We found
a way to study the phase tuning behaviour more clearly.
The circuit configuration was changed to following
configuration:

Figure 10: Phase tuning behaviour for four oscillators

The experiments to find out the amplitude, phase and
frequency tuning behaviour for five and six stage
oscillators had been carried and it was found that all the
behaviour are relatively insensitive to the change of tuning
capacitor. We haven’t included the results for those stages
as they gave the same results.

5. MODES OF OSCILLATION
4B

From the analysis of coupled oscillation [13] in we have
seen that there are two normal modes in a simple coupled
circuit with two oscillators. In the two normal modes it
was shown that, the oscillators oscillate either in same
phase (0˚) or out of phase (180˚). Oscillators can oscillate
in the combination of either of these two modes as well.
Mode analysis done by Huntoon and Wesis[14] reveals
that if oscillators oscillate in same frequency and same
phase powers can be combined and it is called the desire
modes.

Figure 9: Four Oscillators connected as star

Endo and Mori [15] have found that when the network is
nonlinear it is complicated to analyse the behaviour except
the modes which are called simultaneous oscillation modes.
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In our analysis, we are interested in the desire modes and
we will use two separate notations for the two normal
modes.
Normal mode1= If Oscillators oscillate in same phase (0˚)
Normal mode2= Oscillators oscillate in out of phase
(±180˚)
In our work, we have found that it is possible to make all
the oscillators oscillate in the desire mode. For the two
oscillator system like figure 6, normal mode1 and normal
mode 2 found by varying the power supplied to the
oscillator. Experiment result shows that, for 3.3pF coupled
capacitance:
•
•

Supply voltage, Vcc= 2.60 Volts, Phase= -180˚ i.e.
Normal mode2
Supply voltage, Vcc= 4.19 Volts, Phase=0˚
i.e. Normal mode1

Figure 12: Five stage oscillators connected as star

It is found that Osc1, Osc2 and Osc3 were locked together
and oscillate but the other two oscillators didn’t lock to this
group. More over, Osc4 and Osc5 locked together in other
mode forming a separate group with different frequency of
oscillation. So there were two groups of oscillators
oscillating in two different frequencies.

Table 6: Oscillation modes variation (five stage
oscillator)

2.2

Phase,
Φ12
-180˚

Phase,
Φ12
140˚

Phase,
Φ45
180˚

F1
(MHz)
10.85

F2
(MHz)
10.45

3.3

-175˚

140˚

180˚

10.80

10.40

4.6

-175˚

130˚

180˚

10.74

10.34

6.8

-170˚

130˚

180˚

10.65

10.32

10

-160˚

120˚

180˚

10.60

10.30

12

-150˚

110˚

180˚

10.55

10.29

15

-150˚

120˚

180˚

10.53

10.28

Cc(pF)

(a)

In table 6, we denoted F1 as the synchronizing frequency
of the first group with oscillator 1, 2 and 3 while F2
represent the synchronizing frequency of other group with
Osc4 and Osc5. Synchronizing frequency F2 is lower than
F1 in this case as from the figure 3 we find the free running
frequency of Osc4 and Osc5 much lower than other
oscillators. So they form a group where the free running
frequency is nearly same.
6.
(b)
Figure 11: (a) Normal Mode2, (b) and Normal mode1 for
two oscillators

For the five stage oscillator we are going to investigate one
particular behaviour where we used Osc4 and Osc5 (those
are quite different to other oscillators). The oscillators are
star connected as the figure 12

CONCLUSION

We have presented some important behaviour of the
coupled oscillator system in the work. We have built eight
independent oscillators coupled together in variety of ways
up to six stages and investigated the amplitude, frequency
and phase relationship. In our work it was found that, when
these oscillators are coupled together the complexity of the
whole system increases and for all the stages from two to
six, it is possible to make the entire oscillator group
oscillate in same phase. We called this mode as normal
mode 1.There are other modes of oscillation but only at
normal mode 1 the oscillators can be used to combine
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power. The multimode problem increases as the number of
oscillator increases.
We found, the frequency of all the oscillators should be
nearly same to make them synchronous, as there are
certain frequency band over which the do not lock. When
oscillators are, locked they all oscillate in the same
frequency and the amplitude will be varied according to
the power level of the independent oscillators in free
running state and this correlates with the theory presented
by Kholchlov [12].
The results include that, the tendency to lock increases
with increased phase difference and maximum for 0˚ and
180˚. It is caused due to the fact that, in phase oscillation
eliminates current flow through coupling network. If the
phase is 90˚ the coupling between independent oscillators
approaches zero since the coupling current between
adjacent oscillators cancels each other.
In our work, we have found little discrepancy between the
theory and experimental observations. The theory
presented by Humphrey and Fusco [16] states that, the
amplitude and frequency variation are relatively insensitive
to variation of coupled capacitance. But our experimental
result suggests that, this case is true only when the
oscillator locking bandwidth is high i.e. when the input
power is high but for low input power it’s not the case.
They are sensitive to the change of coupled capacitance
when the input power is low because the locking
bandwidth is low for small input power which corresponds
to the theory of Kurokawa.

[5]

R. C. Mackey, “Injection locking of klystron
oscillators”, IRE Transactions on Microwave
Theory and Techniques, vol. 34, pp. 228-235, July
1962.

[6]

K. Kurokawa, “Noise in synchronized oscillator”,
IEEE Transactions on Microwave Theory and
Techniques, vol. MTT-16, pp. 234-240, April, 1962

[7]

K. Kurokawa, "Injection Locking of Microwave
Solid-State Oscillators", Proceedings of the IEEE,
vol. 61, pp. 1386-1410, October 1973

[8]

R. A. York, "Nonlinear Analysis of Phase
Relationships in Quasi-Optical Oscillator Arrays",
IEEE Transactions on Microwave Theory and
Techniques, vol. 41, pp. 1799-1809, October 1993.

[9]

R. A. York, P. Liao and J. J. Lynch, "Oscillator
Array Dynamics with Broadband N-Port Coupling
Networks", IEEE Transactions on Microwave
Theory and Techniques, vol. 42, pp. 2040-2045,
November 1994.

[10]

N. Krylov and N. Bogoliubov, “Introduction to
Nonlinear Mechanics”, Princeton, N. J., Princeton
University Press, 1943

[11]

R. D. Huntoon and A. Weiss, “Synchronization of
oscillators,” Proceedings of the IRE, vol. 35, pp.
1415–1423, December 1947.

[12]

Kholchlov, “A Method of Analysis in the Theory of
Sinusoidal Self-Oscillations”, IRE Transactions on
Circuits theory, December, 1960

[13]

Don Heiman, “Coupled Electrical Oscillators”,
Alverson Lab Manual, Advanced Physics Lab,
Northeastern University, 2007.

[14]

Jenshah Lin, Tatsuo Itoh, “Two-dimensional Quasioptical power combining array using strongly
coupled oscillators”, IEEE Transactions on
Microwave Theory and Techniques, Vol. 42, No.
4, pp. 734-741, April 1994.

[15]

T. Endo and S. Mori, “Mode analysis of a
multimode ladder oscillator” IEEE Transactions on
Circuits Systems, CAS-23, No. 2, pp. 100-113,
February, 1976

[16]

D. Humphrey and Fusco. V, “Capacitively coupled
oscillator array behaviour”, Proceedings of the IEE,
Vol. 143, No. 3, pp.167-170, June 1996

REFERENCES
[1]

R. A. York, "Some Considerations for Optimal
Efficiency and Low Noise in Large Power
Combiners", IEEE Transactions on Microwave
Theory and Techniques, vol. 49, pp. 1477-1482,
August 2001.

[2]

S. H. Strogatz, "Spontaneous Synchronization in
Nature", Proceedings of the IEEE International
Frequency Control Symposium, pp. 2-4, 1997.

[3]

B. Van der Pol, "The Nonlinear Theory of Electric
Oscillations", Proceedings of the Institute of Radio
Engineers, vol. 22, pp. 1051-1086, September 1934.

[4]

R. Adler, "A Study of Locking Phenomena in
Oscillators", Proceedings of the IEEE, vol. 61, pp
1380-1385, October 1973

ISSN: 2049-3444 © 2012 – IJET Publications UK. All rights reserved.

583

