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ABSTRACT
This paper investigates on the propagation in a coaxial cable with the assumption that the distributed parameters are variable with the longitudinal
distance from the source due to a linear temperature variation. This work addresses the problem of propagation in borehole conditions where the
temperature varies by approximately 3°C/100m. In addition to the temperature variation along the coax we have considered the high frequency domain
where the skin effect is severe and leading to very high losses. Unlike the uniform temperature distribution study this case is very complex and that is
the reason why we have provided a model for PSPICE simulator to represent the cascaded cells because the analytic solution is extremely tedious to
solve. The idea is thus to replace the coax cable by cascaded elements whose resistance and impedance are calculated via Kelvin-Bessel functions.
Because the number of cells is huge we have written a C language program to generate automatically the PSPICE .CIR file. Each cell has its own
resistance and inductance according to its temperature. The capacity is assumed to be constant along the coax for each cell. Besides the PSPICE
program, and for comparison, we have developed a recursive method for computing the attenuation due to the whole cascaded cells. The comparison
between PSPICE and the recursive method has shown results in very good agreement.
Keywords— PSPICE Model, Skin Effect, Coaxial Cable, Temperature Gradient, Asymptotic Expansions

I.

PSPICE .CIR text file, which in turn runs using PSPICE simulator
to calculate the voltage loss.

INTRODUCTION

When the temperature is constant along a coaxial cable the
propagation of the TEM mode is well-know and several
investigations have provided formulas for the impedance, loss and
phase of the voltage [1] [2]. The most common model is the
cascaded elementary cells of very small lengths compared to the
wavelength and using harmonic Maxwell equations (Telegrapher’s
Equation). Moreover, Ramo and Whinnery [3] have provided exact
expressions for the internal and external resistance and inductance
in high frequency domain that are based upon Maxwell equations
solved in cylindrical coordinates, taking into account the skin
effect. However, their model assumes that the temperature is
constant everywhere and that only the skin effect considerations
are taken into account. When the internal and external conductors
are subject to heat, the temperature increases the resistivity of the
conductors and therefore the voltage loss is markedly affected.
In our investigation we assume that the coaxial cable is in borehole
conditions and therefore a linear temperature gradient is
considered. Combined to the skin effect this leads to complexities
in the analytical solution. To overcome this problem we have
imagined that the coaxial cable could be replaced by a series of
cascaded elements whose local parameters (mainly Resistance and
Inductance) are variable with temperature, and therefore varying
with the distance from the source towards the termination load.
This variation versus the depth is implemented by means of a C
language program that, first of all, computes the resistance and
inductance of each element, and then exports those values into a

The problem of oil research and exploration in borehole conditions
where the Earth crust temperature gradient is assumed to increase
by 3°C per 100m is of paramount importance. Besides this the skin
effect has also its influence as it dramatically increases the resistor
losses, especially when combined to the temperature gradient.
Generally, the oil exploration industries make use of coaxial cables
with several remote sensors placed at different depths. Several
studies have already investigated the skin effect and the calculation
of the TEM Electric field [4][5][6][7] but none have combined
both the skin effect with the temperature gradient. In [7] the
authors have derived expressions for the phase and loss but only
considering low frequency domain. In their study [7], the
calculation of the voltage attenuation and phase using the Finite
Difference Method applied to Maxwell Equations considered only
the low frequency domain.
Our study is more complete as we tackle the complexity of
combining both effects. Therefore, in this paper we do consider the
calculation of these equivalent impedances using a recursive
approach that we aim to detail in section II. The results of our
investigation are summarized in Section III, whereas Section IV
concludes this paper and provides some perspective work ideas.

II.

PROBLEM STATMENT

In a constant temperature medium, such as in room conditions for
example, the coaxial cable is modelled as a series of cascaded cells
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with constant distributed parameters R, L, C and G. The
attenuation, phase and characteristic impedance are well-known
[6][7]. Usually the transverse admittance G is neglected and the
calculations for the attenuation and phase are straightforward.
However, when the cable is submerged in a temperature gradient,
regardless of its variation law, there is no analytic solution using
Maxwell equation. A recursive method is thus utilized that will be
detailed in this paper. As in reference [7], the approach would be
to represent the whole coaxial transmission line by a series of
cascaded elements whose local temperature, and therefore
resistance and inductance, is dependent upon the longitudinal
distance from the input as we are dealing with coaxial cable TEM
transmission mode. The transverse effect of the Earth pressure is
neglected and therefore the capacitance C will be assumed to be
constant in our calculations. Likewise, the transverse dielectric
losses have been assumed to be negligible.

A. System Description
According to the abovementioned statements the coaxial cable and
its equivalent circuit are described in figure 1 below.

(1)
With
(2a)
(2b)
And
(3)

RDC is the DC resistance per unit length of the inner conductor and
the two functions Ber et and Bei are Bessel-Kelvin functions,
whereas Ber’ and Bei’ are their first order derivatives with respect
to the variable q. The latter is a normalised parameter that is given
by
(4)
And  is the skin depth usually defined as
(5)
,  and f are respectively the permeability and conductivity of the
inner conductor, and the carrier frequency.

Figure 1: Illustration of the coaxial cable in a temperature gradient
and the cascaded elementary cells

In a similar manner the outer conductor impedance per unit length
is given by the following expressions derived by Ramo and
Whinnery:

(6)
With
(7a)
And
(7b)

Figure 2: Coaxial cable cross section dimensions.

The coaxial cable propagation medium is made of polypropylene
of relative permittivity r= 2.25 and the both internal and external
conductors are made of copper with a resistivity  = 1.72x10-7 .m

B. Impedance of the Coaxial Cable
When the temperature is constant the total impedance per unit
length of the inner conductor is given by Ramo and Whinnery [3]
by the following expression:

The total impedance can be written as follows:
(8)
It is important to point out that eqn. 2a and 2b are very difficult to
handle in terms of numerical computation for large value of the
parameter q and the solution is very instable and leading to
computational errors. To overcome this problem we have utilized
Semlyen asymptotic approximations [8] and the mathematical
equations for solid coax conductor given by Mingli and Yu [9].
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According to the authors the impedance for a solid conductor can
be written as follows:

depth z. We can reasonably derive the skin depth expression
versus the distance z in the following form:

(15)

(10)
With

The slope  is given by the operation 0.03x3.66x10 -3 m-1= 1.1x10-4
m-1

(11)

, f is the frequency in Hz
(non-ferromagnetic conductor)
 is the resistivity of the conductor in .m

As a result one may notice that m is also dependent on the depth z
and therefore we can write that

(16)
The complex function
follows:

is given by the polynomial form [ ]as
Substituting the parameter
expression into the
abovementioned equations (14a and 14b) leads to a straightforward
dependence of the impedances versus both frequency and depth z.
This leads us to write the total impedance per unit length as
follows:

(12)
With the coefficients Ap and Bp are given in Table I below

Table I: Coefficients of the Complex Function of
Equation 12
A0
A1
A2
A3
A4
A5
A6

0.7071068
-0.0625001
-0.0013813
0.0000005
0.0000346
0.0000117
0.0000016

B0
B1
B2
B3
B4
B5
B6

0.7071068
-0.0000001
0.0013811
0.0002452
0.0000338
-0.0000024
-0.0000032

Starting from equation (10) one may write the function q(x) in the
form

(17)
The calculation of each elementary cell (see fig. 1) is therefore
given by:
(18)
Subsequently the resistance and inductance for each elementary
cell of length z can be directly calculated. At this stage we do not
deal with resistance or inductance per unit length anymore but
actual values in  and Henry of each elementary cell.

C. Description of the PSPICE Model

(13)

The coax in a linear temperature gradient is modelled by the
PSPICE cascaded elements such as in the figure below (example
of 1000m, i.e. 999 cells).

Then substituting (13) into (10) leads to
(14a)

(14b)
Ridc and Lidc are the internal DC resistance and inductance per
unit length respectively. These are given by
and

respectively.

To introduce the temperature dependence we must notice that the
conductivity is inversely proportional to the temperature. If we
assume that copper resistivity (the inverse of conductivity) has a
linear temperature dependence of the form
(with =3.66x10-3 °C-1 for copper,  being the temperature
variation in °C), and bearing in mind that the Earth temperature
gradient is about 0.03°C/m we show that the skin depth  is also
dependent on the temperature and therefore also dependent on the

Figure 3: Illustration of the equivalent transmission line for the
PSPICE model with its node convention

The prerequisite condition for the validity of such a representation
of the coaxial cable in a temperature gradient is that each
elementary cell length should satisfy the condition z << 
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Regarding the PSPICE model we have to stress that eqn. 18 is
valid for a single frequency and if we perform an AC Sweep we
have to bear in mind that the result is only valid for a single
frequency that we chose. For example if we aim at computing
attenuation and phase at f=10 MHz first we need to calculate
values of each cascaded elementary cell resistance and inductance
at f=10MHz and then export them into the PSPICE .CIR file. Once
we run the PSPICE .CIR file we only provide a result that is valid
for f=10MHz only. This is the major drawback of PSPICE but its
biggest advantage is the computation time, once the impedance is
computed beforehand, compared to the recursive direct calculation
method that we will detail in the next section.

This process is very useful when the coax cable length is large,
leading to large number of cells. For example if we assume a 500m
length and z=0.5m at 50 MHz we need 999 elementary cells to be
written in PSPICE .CIR file. This would lead to many errors and
especially time consuming if it is entered manually in a text file.
Below is a sample of a PSPICE file for 1500 m cable length and at
10 MHz carrier frequency as automatically generated by our C
language programme. Several lines have been omitted for
illustration and simplification purposes as the file is very lengthy.
We have shown only the first three cells from the source and the
last cell to the load of 50 . The generic input impedances Zin[n]
as mentioned in the flow chart are used for the Recursive method
that is detailed in Section D.

AC DEC 50 10MEG 20MEG
The AC Sweep analysis of PSPICE such as in the following
statement will provide results for all frequencies between 10 and
20 MHz but if we fill in the PSPICE .CIR text file with results for
resistance and impedance at 10 MHz then only the result for this
frequency is valid and we must disregard the remaining values.
The flow chart below explains how the PSPICE .CIR file is
generated using a C language program.

Figure 4: Computation flowchart for PSPICE file automatic
generation and the Recursive Method

TITLE
*AUTOMATIC GENERATION OF SPICE.CIR*
.PROBE
.OPTIONS RELTOL=0.0001 ITL5=0 NUMDGT=9
.AC DEC 50 10MEG 20MEG
*
1499 cells
*
R1 1 2 0.000692865520250052
L1 2 3 0.000000000082608920H
C1 3 0 150pF
R2 3 4 0.005465836264193058
L2 4 5 0.000000000054521838H
C2 5 0 150pF
R3 5 6 0.005025890655815601
L3 6 7 0.000000000059254851H
C3 7 0 150pF
R4 7 8 0.004753716755658388
L4 8 9 0.000000000061160008H
……
……
R1499 2997 2998 0.003682464826852083
L1499 2998 2999 0.000000000068239948H
C1499 2999 0 150pF
VIN 1 0 AC 1VOLT
RIN 1 0 1G
ROUT 2999 0 50.0000
.END

RIN of 1G is a dummy load to avoid node 1 to be a floating node.
The loss in dB is given by PSPICE command DB(V(2999)/V(1)).
PSPICE plots the loss for frequencies between 10 and 20MHz but,
because R and L values have been computed at 10 MHz, only the
loss for that particular frequency is valid. The values of R and L
have been computed using Kelvin-Bessel asymptotic functions
(see eqn. 18) prior to exporting the values to PSPICE .CIR file. In
this particular example the loss at 10 MHz is -28.8 dB and the
other values shown on the curve below are to be discarded.
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According to this we note
as the equivalent impedance of
the 50 load in parallel with the last capacitor that we write as
follows:
(19)
and for a given k we write the equivalent impedance of the cell
rank k as

(20)
The input impedances are simply given by

(21)
Figure 5: PSICE Simulation Example

For the sake of comparison we have developed a recursive method
based upon the calculation of the voltage loss between the output
and the input, which is detailed in Section D as follows.

With
the impedance of the elementary cell as
calculated by the Kelvin-Bessel functions described in Section B.
The voltage ratios

can be found by using the divider

bridge, which leads to the following expression:

D. Description of the Recursive Method (RM)
The transmission line that is made of cascaded elementary cells is
represented by the generic cell that lies between node N-k-1 and
N- k. This elementary cell, at a given frequency and temperature,
is represented by the figure below

(22)
At this point the calculation is accurate because each cell has its
own input impedance that is analytically well-known and, as a
result, it is adequate to write the total loss as the product of all
individual losses, that is to say;
(23)

In a similar manner as in [7] the total loss of the system is thus
straightforward and can be written as follows:
(24)

Figure 6: Generic cell model for the Recursive Method

To calculate the loss we have to first find the input impedances of
all cells, starting from the last one that is terminated by a load of
50. Afterwards we start from the end port of the coax by
calculating the input impedance of the last cell and, by recurrent
manner, all the input impedances are computed and stored in an
array of dimension N. Once the input impedances have been made
available we can easily find the voltage ratios

For example, if N=1500 The voltage loss is the ratio V(2999)/V(0)
as the node 2999 is the termination port and 0 is the index of the
input node. This example explains how things are different
between PSPICE and this recursive method, but the result should
lead to the same value. In PSPICE the attenuation would be
between Node 2999 and 1 because node 0 is the ground in PSPICE,
not to be confused with the index 0 of the recursive method.

III.

NUMERICAL
DISCUSSIONS

RESULTS

AND

A. Input parameters

, which
Two types of cables have been used: a thin and thick cable.

leads to a straightforward solution for the total loss

The thin cable is of 1 5/8” dimension and table II recapitulates its
major parameters.
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For each elementary cell the capacitance is constant and therefore

Table II: Thin Coaxial Cable Dimensions And Intrinsic
Parameters
a
(mm)

b
(mm)

t
(mm)


.m)

r

r

8.45

19.4

2.5

1.72x10-7

2.25

1.0

(29)
According to table II the capacitance per unit length is calculated
and its value reads C0 = 150pF. Approximately the same figure has
been obtained for the thick cable.

B. Numerical results and discussions
The thick cable is of 6 1/8” dimension and table III recapitulates its
major parameters.

As we are dealing with long cables of 1500 m we have chosen
z=1m and frequencies between 10 and 100 MHz.

Table III: Thin Coaxial Cable dimensions and intrinsic
parameters

Table IV below summarizes the numerical assumptions for the
calculations.

a
(mm)

b
(mm)

t
(mm)



.m)

r

r

33.0

75.95

3.7

1.72x10-7

2.25

1.0

Table IV: Numerical Values for Computation
Frequency
range
10 – 100 MHz

With these data in Table II and Table III we can calculate the
capacitance C0 per unit length using the formula:

(25)
And the mutual inductance per unit length between the inner and
outer conductors:

Number of Cells
1500


z
1 meter

z = 1 m is a good compromise between computation time and
validity of the condition z << . However, if the cable is short
then much smaller values for z should be considered. Likewise, if
higher frequencies are to be used one may consider to always
check the validity of the condition z <<  before using this model.
Obviously this would increase dramatically the computation time
and memory usage if smaller values for z are to be used. The
following figures illustrate the results found using both methods
and for the two cable types.

(26)

10

In the calculations this mutual impedance should be added to both
inner and outer conductor inductances.
In both calculation methods the mutual inductance and capacitance
of an elementary cell of length z are calculated by multiplying z
to Lmut and C0, respectively, so as to reflect the actual values and
not the values per unit length.
In summary, each cell of rank k through the coax has the following
total inductance:

100

-90
-140
-190
-240
-290
-340
-390

(27)
With
and
are the imaginary part of the impedance,
divided by , of the coax that is calculated using the
abovementioned formulas.

-440
-490

Recursive Method Loss(dB)
PSPICE Loss(dB)

-540

The resistance per unit length is given by

-590
(28)
Figure 7: Total Voltage loss versus frequency for 1500 m for thin
cable
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From the obtained results we can notice that both methods are in
very good agreement. The marginal difference is due to the
rounding error in PSPICE that propagates throughout the
elementary cells. Besides, the use of different values of the dummy
load of 1 Giga  did not lead to a major change in the results. We
have also tested several cable lengths with the two cable types and
found that the PSPICE rounding relative error is still present with
values that never exceeded 0.5% in comparison with the Recursive
Method.

0.28%
0.26%
0.24%
0.22%
0.20%
0.18%

IV.

CONCLUSIONS

0.16%
0.14%
10

100

Figure 8: Relative Error between PSPICE and the RM for a 1500 m
for thin cable

10

100

-20
-40
-60
-80
-100
-120
-140
-160

Recursive Method Loss(dB)

-180

PSPICE Loss(dB)

This paper shows how PSPICE can be used to simulate the
propagation along a coaxial cable that is subjected to both the skin
effect and the temperature variation from the source to the load.
Indeed, with the help of a code generator, written in C, for PSPICE
the loss calculation can be made possible. Furthermore it is
important to note that the use of Kelvin-Bessel asymptotic
expressions for the impedance of the coax in a uniform medium
has been an important means, especially when combined to a
subdivision of the coax line that is submerged in a temperature
gradient into elementary cells. The most critical issue in this study
has been the internal conductor of the coax whose equations are
well-known to be impractical if appropriate asymptotic formulas
have not been made available. Further work still remains to be
achieved to test other types of cables that are used in the industry
in view of characterizing their propagation properties in borehole
conditions such as in our study. Obviously one should also
consider longer cable runs with different intrinsic parameters.
Future studies could equally take into account the dielectric losses
versus frequency and include them in the PSPICE model as the
concept is nearly the same as in our work. Finally the same
concept could be used to extend the PSPICE model to a tubular
cylindrical inner conductor.

-200
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